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Abstract—Power ultrasonic applications such as cutting,
welding, and sonochemistry often use Langevin transducers to
generate power ultrasound. Traditionally, it has been proposed
that the piezoceramic stack of a Langevin transducer should be
located in the nodal plane of the longitudinal mode of vibration, ensuring that the piezoceramic elements are positioned
under a uniform stress during transducer operation, maximizing element efficiency and minimizing piezoceramic aging.
However, this general design rule is often partially broken during the design phase if features such as a support flange or
multiple piezoceramic stacks are incorporated into the transducer architecture. Meanwhile, it has also been well documented in the literature that power ultrasonic devices driven at
high excitation levels exhibit nonlinear behaviors similar to
those observed in Duffing-type systems, such as resonant frequency shifts, the jump phenomenon, and hysteretic regions.
This study investigates three Langevin transducers with different piezoceramic stack locations by characterizing their linear
and nonlinear vibrational responses to understand how the
stack location influences nonlinear behavior.

I. Introduction

L

angevin transducers, which are also known as stack
or sandwich transducers, are often used in power ultrasonic applications to generate high intensity ultrasound
by driving them close to resonance at high excitation levels. They are generally constructed from four fundamental
components; back mass, front mass, piezoceramic stack,
and a bolt that holds the transducer together under a
compressive pre-load [1]. The traditional configuration of
Langevin transducers locates the piezoceramic stack at
the node of the longitudinal mode of vibration so that piezoceramic element efficiency can be maximized and their
aging can be minimized [2]–[4]. However, to enable the
transducer to be supported with minimal damping it is
often more advantageous to locate a support flange in the
longitudinal nodal plane, thus shifting the stack out of the
plane [5], [6].
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More recently, the development of multi-frequency power ultrasonic transducers for applications in sonochemistry
[4] and the advance of multi-mode ultrasonic transducers
and ultrasonic motors [7], [8] has resulted in transducer
architectures that contain multiple sets of piezoceramic
stacks. Multi-frequency transducers can contain two piezoceramic stacks which are located at different positions
within the transducer and, through independently driving
these stacks, allow the transducer to be driven at two distinct resonant frequencies [4], [9]. Multi-mode transducers
can also contain multiple piezoceramic stacks, although
these are often individually poled and driven simultaneously to couple longitudinal and flexural vibrations or longitudinal and torsional vibrations. The piezoceramic stack
which is poled to induce longitudinal vibration is generally
located at or close to the nodal plane of the longitudinal
mode whereas the stack that induces flexural or torsional
vibrations is positioned to maximize these responses [10].
Therefore, the architecture of these multi-frequency and
multi-mode transducers provides the opportunity for one
of the piezoceramic stacks to be positioned in a location of
significant longitudinal motion.
The influence that piezoceramic stack location has
on transducer performance was first reported during the
1970s [5], [6], [11], as well as more recently [2]–[4]. These
studies investigated transducer properties such as mechanical quality factor, Qm, effective electro-mechanical
coefficient, keff, and resonant frequency through numerical
and experimental methods. Although it was reported [11]
that these properties differed based on excitation level,
the studies did not investigate whether stack position influenced nonlinear responses or drive stability. This current study therefore investigates whether stack location
has a significant influence on the linear and nonlinear vibration behaviors of Langevin transducers, where nonlinearities are characterized by shifts in resonant frequency,
the jump phenomenon, hysteretic widths, and multi-modal responses.
II. Transducers
Three half-wavelength Langevin transducers, each with
a different piezoceramic stack location, were manufactured, Fig. 1, and are referred to as TI, TII, and TIII.
The stack, held under a pre-stress via an internal stud,
contains piezoceramic rings with properties of PZT4 with
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fitting to generate a parametric model of the FRF experimental data. From the parametric model, the modes in
the frequency span of the FRF data were determined and
the modal parameters (modal frequency and mode shape)
were identified. To visualize the mode shapes, the modal
data were attributed to the associated grid points on a
3-D model, representing the geometry of the transducers,
which could be animated to illustrate the oscillation.
B. Harmonic Characterization

Fig. 1. Transducer configurations: (a) TI, (b) TII, and (c) TIII.

a diameter of 10 mm. Four elements were employed in the
stack to replicate piezoceramic volumes typical of highpower ultrasonic transducers of similar diameters. TI consists of a centrally positioned piezoceramic stack, located
in the nodal plane of the first longitudinal mode of vibration, and has two brass end masses of equal length. TII
and TIII contain end masses of length ratios 1/3 to 3/4
and 1/8 to 7/8, respectively, and hence the piezoceramic
stack is positioned away from the nodal plane.
III. Measurement Techniques
A. Resonant Frequency and Mode Shape Extraction
Experimental modal analysis (EMA) was used to detect all modes of vibration in the frequency range of 0 to
94 kHz. The transducers were excited via a random excitation signal at low power by a function generator built
into the data acquisition hardware (Quattro, Data Physics
Corp., San Jose, CA), and then amplified through a power amplifier (RMX 4050HD, QSC Audio Products LLC,
Costa Mesa, CA). Velocity responses were measured over
a grid of points located on the surface of the transducers
using a 3-D laser Doppler vibrometer (CLV-3D, Polytec
GmbH, Waldbronn, Germany), and the acquired frequency response functions, with a resolution of 1.6 Hz, were
recorded using Signal Calc ACE data acquisition software
(Data Physics Corp.). The frequency response function
data were then imported in to modal analysis software
(ME’ScopeVES, Vibrant Technology Inc., Scotts Valley,
CA), where the acquired measurements underwent curve

Bi-directional frequency sweeps were used to excite the
transducers close to the frequency of the first longitudinal
mode. Previous studies have reported that piezoceramic
properties such as keff, Qm, and dielectric loss factor, δ,
which are all indicators of piezoceramic or transducer performance, were shown to be dependent on electric field
strength, vibrational stress, and temperature, whereas the
elastic compliance, sE, dielectric constant, εT, and piezoelectric constant, d, have also shown to be temperatureand vibrational-stress-dependent [12]–[17]. Therefore, to
investigate the influence of piezoceramic stack location,
rather than the influence of elevated piezoceramic stack
temperature, on the vibration response of the transducers, the transducers were excited under constant voltage
conditions with a burst-sine signal at each frequency increment of the sweeps [16]. Each burst-sine signal was
applied for a fixed number of 4000 cycles, which was long
enough for steady-state vibration to be achieved but short
enough to minimize temperature increases in the stack.
To further remove temperature effects, a time delay of 1 s
between successive bursts was incorporated for excitation
levels in the range 1 to 10 Vrms, and a delay of 10 s for
excitation levels in the range 10 to 50 Vrms, which was
sufficient to dissipate any heat build-up. To observe small
changes in the vibrational response of the transducers at
excitation levels in the 1 to 10 Vrms range, the frequency
step between successive frequency bursts was set at 1 Hz.
For excitation levels in the 10 to 50 Vrms range, the frequency step was set at 2 Hz to ensure that each sweep
could be accurately controlled.
For these measurements, the transducers were excited
by a signal generated by a function generator (3322A,
Agilent Technologies Inc., Santa Clara, CA) which was
amplified through a power amplifier (QSC RMX 4050HD)
and the vibration velocity response of each transducer was
measured at its free end (free end of the short end mass
for TII and TIII) using a 1-D laser Doppler vibrometer
(CFV 055, Polytec GmbH) while the temperature of the
piezoceramic stack was measured using an infrared sensor.
Data acquisition hardware and interface (National Instruments Corp., Austin, TX) in conjunction with Labview
software were used to coordinate the experimental protocol and data collection; the time-domain signals of current
and voltage as well as the frequency spectrum of the velocity response were viewed on an oscilloscope (DPO 7054,
Tektronix Inc., Beaverton, OR).
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TABLE I. Frequencies of Modes of Vibration Measured Through EMA. B: Bending Mode of Vibration, L: Longitudinal Mode of
Vibration, T: Torsional Mode of Vibration.
TI
TII
TIII

B1

T1

B2

L1

B3

B4

L2

B5

B6

L3

—
8099
8609

14 970
15 460
15 463

19 022
19 108
19 108

26 864
28 216
29 295

32  484
—
33 169

45 319
—
47 584

58 134
55 426
55 626

61 104
62 827
—

73 867
76 825
74 492

80 761
81 496
83 452

IV. Results and Discussion
A. Linear Regime of Vibration: Modal Responses
The modes of vibration extracted from an EMA are
indicated next to their corresponding resonant frequency
on the measured frequency response functions, see Fig. 2;
all extracted resonant frequencies are given in Table I. It
can be observed in Fig. 2 that, as expected, the responses
of longitudinal modes of vibration are generally stronger
than the responses of bending and torsional modes of vibration.
However, it is also evident that the location of the piezoceramic stack influences the response of different modes of
vibration. It can be observed that the first bending mode
of vibration is detected in the responses of TII and TIII,

despite being absent in the response of TI. Meanwhile,
Figs. 2(b) and 2(c) illustrate that the response of the second longitudinal mode of vibration is strong in TII and
TIII. However, the weak response of the mode exhibited in
the response of TI, Fig. 2(a), indicates that the response
of longitudinal modes of vibration are also affected by
piezoceramic stack location. Contour plots depicting the
longitudinal modes of vibration of TI, TII and TIII are
presented in Fig. 3(a). It can be interpreted from studying
Figs. 2 and 3(a) that the response of longitudinal modes
of vibration are strong in transducers in which the piezoceramic stack is located at or close to the nodal plane.
However, when the piezoceramic stack is located at an
antinode, as in the second longitudinal mode of vibration
of TI, the response of the mode is weak. Similarly, the first
bending mode is only detected in the traces of TII and
TIII, Fig. 2. In both TII and TIII, the piezoceramic stack
lies in close proximity to a nodal plane, whereas in TI, the
piezoceramic stack lies at an antinode. Furthermore, the
third and fourth bending modes are not detected in TII,
and the fifth bending mode is not detected in TIII. As the
piezoceramic stack would be located close to the antinode
of these modes in the respective transducers, this indicates
that modes of vibration exhibit stronger responses if the
piezoceramic stack is located at or close to the mode’s
nodal plane and weaker responses if it is located at the
antinode.
This observation could be utilized to control vibrational
behavior through the design of ultrasonic devices, particularly slender full wavelength devices that exhibit coupling
between longitudinal and bending modes of vibration.
Such modal coupling is often detrimental to device performance and can result in premature failure. Locating
the piezoceramic stack close to the antinode of unwanted
modes reduces the influence of these modes on the vibrational response, allowing the effect on device performance
to be minimized.
B. Linear Regime of Vibration:
Electromechanical Properties
The keff values for the transducers, at the first longitudinal mode, were calculated from
k eff =

Fig. 2. Curve-fitted FRFs: (a) TI, (b) TII, and (c) TIII. L = longitudinal, B = bending, T = torsional.

(f p2 − f s2)/f s2,

(1)

using measurements of the serial resonant frequency, fs,
and parallel resonant frequency, fp, recorded from an
impedance analyzer (4294A, Agilent Technologies Inc.).
These values were found to be 0.351, 0.295 and 0.207 for
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Fig. 3. (a) Undeformed normalized displacement contour maps depicting longitudinal mode shapes (light regions are nodal, dark regions are antinodal). (b) Normalized vibrational stress predicted through center of bolt, mean radius of transducer end mass and piezoceramic elements for first
longitudinal mode of vibration.

TI, TII and TIII, respectively. Fig. 4 presents the first
longitudinal mode response to bi-directional frequency
sweeps at an excitation level of 1 Vrms, from which the Qm
of each transducer was calculated. TI exhibited the highest Qm value, 255; the values for TII and TIII were 187
and 112. As keff represents the efficiency of the transducer
to convert electrical energy to strain, and Qm is governed
by the transducer damping, these can be used to indicate the potential transducer efficiency and performance.
For low excitation levels, it was found that TI exhibited
the highest values of keff and Qm, suggesting that optimal transducer performance at low excitation levels occur
when the piezoceramic stack is located at the nodal plane
and thus reiterating the previous finding that longitudinal
modes of vibration are better excited when the piezoceramic stack is located at the node.
The resonant frequencies of the first longitudinal mode
for TI, TII and TIII, identified through bi-directional frequency sweeps at an excitation level of 1Vrms, Fig. 4, were
measured at 26 576, 28 031, and 29 111 Hz. These show
good correlation with the frequencies of the first longitudinal mode acquired through EMA, Table I. The percentage
difference in measured frequency between the two methods
was found to be 1.07%, 0.66%, and 0.53% for TI, TII, and
TIII, respectively. The most significant factor influencing
these very small percentage differences in frequencies is
the different excitation signals; a random signal was used
to excite the transducers during the EMA, whereas a sinusoidal signal was utilized during the bi-directional sweep.

C. Nonlinear Regime of Vibration: Duffing-Type System
The vibration displacement amplitude responses of the
transducers, at seven excitation levels between 1 Vrms and
50 Vrms, are presented in Fig. 5. Although at low levels of
excitation the response of the transducers is linear (Fig.
4), indicated by the symmetric response curves, at elevated excitation levels the asymmetric responses are typical
of a dynamic system exhibiting the stiffness softening effect observed in Duffing-type systems. The equation of
motion of a general Duffing oscillator system is

Fig. 4. Vibrational response transducer in the region of the first longitudinal mode at 1 Vrms.
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u + 2βω 0u + ω 02u + γu 3 = q cos(Ωt),

(2)

where ω0 is the undamped linear natural frequency of the
 u,
 and u are generalized
system; β is the damping ratio; u,
acceleration, velocity, and displacement terms, respective-

Fig. 5. Vibrational response at excitation levels from 1 to 50 Vrms: (a)
TI, (b) TII, and (c) TIII.
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ly; and γu3 is a Duffing or nonlinear (cubic) stiffness term.
The cubic term determines the direction of the leaning of
the frequency response curve for increasing excitation levels. Stiffness softening occurs when γ is negative and
causes the curve to bend to the left, indicating a lowering
in resonant frequency. A consequence of high stiffness softening is the manifestation of the jump phenomenon and
the appearance of a significant hysteresis region in the
measured response, Fig. 5(a). The jump phenomenon is
characterized by a discontinuity in the frequency response
curve caused by a sudden increase or jump in amplitude of
vibration between two frequencies and can occur during
both upward and downward frequency sweep measurements.
A hysteresis region is formed during a bi-directional
frequency sweep, and is the result of the difference between the resonant frequency found during the upward
sweep and that found during the downward sweep. If the
transducer is driven at a frequency that corresponds with
an amplitude jump or within the frequency range of the
hysteresis region, the transducer has the possibility of operating at either a high or a low amplitude of vibration.
This is therefore an unstable region for transducer operation.
Fig. 6 plots the shift in resonant frequency against amplitude of vibration of the transducer and it can be seen
that the shift in resonant frequency increases with amplitude of vibration. It is evident from comparison of the
transducers at low amplitudes of vibration (<1.0 μm) that
TI and TII exhibit a similar shift in resonant frequency,
whereas at higher vibrational amplitudes (>1.0 μm) TI
exhibits the largest resonant frequency shift of the three
transducers investigated. Meanwhile, TIII exhibits the
smallest shift in resonant frequency over the measured
vibration amplitude range. The jump phenomenon was
also observed in the amplitude responses of all transducer
configurations. TI exhibits a jump at the lowest excitation voltage, 5 Vrms, and lowest amplitude of vibration,
1.21 μm, TII and TIII exhibit jumps at higher voltages,
20 Vrms and 40 Vrms, and higher vibrational amplitudes,
3.41 μm and 3.50 μm, respectively.
Duffing-like behavior has been documented in piezoceramic elements and Langevin transducers in previous
studies [14]–[18]. Although in the general solution the cubic term is responsible for Duffing-like behavior, in power
ultrasonic devices it is known to stem from several sources
[19]. Such behavior observed in the responses of piezoceramic elements (kept at constant temperature) has been
attributed to the elastic compliance changing proportionally with the square of vibrational stress when excited
above a vibrational threshold [12]. Geometrical features,
such as threaded joints without sufficient preloading, have
also been observed to induce significant resonant frequency shifts and hysteresis widths [19].
From Fig. 6, it is clear that piezoceramic stack location
also influences these behaviors. At elevated vibrational
amplitudes, it is clear that the closer the piezoceramic
stack is to the nodal plane, the larger the shift in resonant
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Fig. 6. Resonant frequency shift against vibrational response of the
transducers.

Fig. 7. Width of hysteresis region against vibrational response of the
transducers.

frequency and the lower the vibrational amplitude before
the jump phenomenon manifests in the response curve.
Fig. 3(b) presents normalized vibrational stress along the
length of the transducers, predicted using finite element
analysis (Abaqus, Dassault Systèmes S.A., Vélizy-Villacoublay, France), for the first longitudinal mode of vibration. It is clear from Figs. 3(a) and 3(b) that when TI is
driven at the first longitudinal mode, the piezoceramic
stack is located in a region of higher vibrational stress
than the piezoceramic stack in TII or TIII. It can also
be observed from Fig. 3(b) that when TIII is driven at
the first longitudinal mode, the piezoceramic stack is located in a region of lower vibrational stress. Therefore, it
is evident that locating the piezoceramic stack away from
the nodal plane could reduce the influence of resonant
frequency shift and the jump phenomenon on transducer
behavior.
Fig. 7 plots the frequency width of the hysteresis region against the amplitude of vibration at which hysteresis
regions are first observed. Below an amplitude of vibration of 1.0 μm, hysteresis regions do not appear in the
responses of TI and TII, whereas TIII exhibits a hysteretic
width of 14 Hz at 1.0 μm. However, at a higher amplitude of vibration, 3.5 μm, TI exhibits the largest width
(58 Hz) and TII exhibits the smallest (24 Hz). Although
these measurements indicate that the higher the vibration
amplitude is, the greater is the frequency width of the hysteresis region, it can also be observed that the frequency
widths at 3.5 μm exhibited by TI and TIII are similar.
This indicates that piezoceramic stack location does not
influence this behavior as significantly as it does for the
other nonlinear behaviors, resonant frequency shift and
the jump phenomenon. However, studies of power ultrasonic devices have reported that the width of the hysteretic region can be significantly influenced by elevated
piezoceramic element temperature and joint preloading in
ultrasonic devices [19]. The temperature variation on the
surface of the piezoceramic stack in this study was mea-

sured to be 3.01°C, 2.98°C, and 2.07°C, during the bi-directional frequency sweeps between 1 and 50 Vrms, for TI,
TII, and TIII respectively. The increase in piezoceramic
stack temperature was therefore not large enough to influence piezoceramic properties such as Qm and sE. This also
indicates that the burst length and the time delay between
successive bursts were sufficient to minimize the influence
of elevated piezoceramic temperatures on the nonlinear
behaviors. It can also be assumed that joint preloading in
the piezoceramic stack did not significantly vary for the
different piezoceramic stack locations.
These findings can also influence the design of transducers. The width of the hysteretic region is a measure
of the size of the unstable region within which frequency
tracking of the transducer is ineffective. However, where
there is a small stiffness softening leading to a resonant
frequency shift but without a hysteresis region, then it is
still possible to track resonance. In this study, the location
of the piezoceramic stack does not significantly affect the
size of the unstable region but does affect the level of stiffness softening, and thus leads to a conclusion that a transducer with a centrally located piezoceramic stack is worst.
D. Nonlinear Regime of Vibration:
Autoparametric Response
Autoparametric vibration has been well documented in
dynamic systems [20], including ultrasonic cutting devices
[21], and occurs when the driven mode of vibration parametrically excites an undesired mode or modes of vibration. For autoparametric vibration to exist, a dynamic
system must be excited at resonance, ω1, above a vibrational threshold, while one or more other resonant frequencies of the system are excited due to a simple integer
(or near integer) relationship such as; ω1 ≈ 2ω2, ω1 ≈ ω2
+ 2ω3, or ω1 ≈ 1/2ω2.
An indicator of autoparametric vibration is exhibited in
the vibrational response of TI, Fig. 5(a). A shallow dip is
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Fig. 9. TI spectral response, captured from oscilloscope. Excitation:
50 Vrms, ω1 = 26 520 Hz, ω2 = 52 646 Hz, ω3 = 79 509 Hz.

V. Conclusions
present in the response (between 26 490 Hz and 26 660 Hz)
above an excitation level of 30 Vrms. It can be observed
from Fig. 8 that there is an increase in current drawn
above the same excitation level and in the same frequency
range. An increase in the current drawn by the transducer
should be accompanied by an increase in vibrational amplitude. However the reduction in vibrational amplitude
indicates that energy is leaking from the first longitudinal
mode of vibration to another mode. The measured spectral response of TI, excited at 50 Vrms and 26 520 Hz (Fig.
9), illustrates the response of the driving or fundamental
frequency of vibration, ω1, the first harmonic, ω2, and second harmonic, ω3. Although the response of ω2 is relatively weak, the strong response of ω3 suggests that this is
the frequency of the autoparametically excited mode. Fig.
10 presents the vibrational response of ω3 while TI was
excited close the first longitudinal mode. It is clear that
a resonant peak lies within the frequency range of 79 470
to 79 980 Hz. Fig. 9 illustrates that a frequency ratio of
3:1 exists between the fundamental and autoparametric
response. Although the same frequency ratio exists between the first and third longitudinal modes of vibration,
the resonance peak observed in Fig. 10 does not directly
correspond with the resonant frequency of the third longitudinal mode of vibration measured during EMA, Table I.
However, it can also be observed that the mode of vibration excited in Fig. 10 exhibits stiffness softening. Therefore if the third longitudinal mode frequency shifted to a
lower frequency, it will retain a necessary simple frequency
ratio of 3:1 with the first longitudinal mode for this mode
to be excited autoparametrically.
From these findings, asymmetry in the transducer helps
to reduce the number of unwanted modes strongly excited
in the transducer and also removes many of the simple
mathematical relationships between the fundamental longitudinal mode frequency and its harmonics. In this case,
locating the piezoceramic stack away from the nodal plane
reduces the likelihood of autoparametric responses.

The linear and nonlinear behavior of three Langevin
transducers with different piezoceramic stack locations
has been discussed. Measurements recorded in the linear
regime of vibration response indicate that modes of vibration are more responsively excited when the piezoceramic stack is located at the nodal plane of the mode
of vibration. Practically, this finding could be utilized in
the control of vibrational behavior in ultrasonic devices,
especially modal coupling that is often prominent in slender full wavelength power ultrasonic devices. Meanwhile,
measurements taken at elevated amplitudes of vibration
indicate that the location of the piezoceramic stack can
influence two Duffing-like behaviors; resonant frequency
shifts and the jump phenomenon. However, these measurements also reveal that piezoceramic stack location has
less influence on the frequency widths of the hysteresis regions. Finally, an autoparametric response was exhibited
in the frequency response of TI. The combination of EMA
and harmonic characterization at elevated vibrational am-

Fig. 10. TI vibrational response of ω3 while driven in first longitudinal
mode at ω1.
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plitudes allowed the excitation of the third longitudinal
mode to be identified as the autoparametric response. The
findings demonstrate that location of the piezoceramic
stack in high-power ultrasonic transducers must be carefully considered against the nonlinear behaviors as well as
the more conventional performance indicators extracted
from responses in the linear vibration regime.
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